We present analytical next-to-leading order results for the correlator of baryonic currents at the three loop level with one finite mass quark. We obtain the massless and the HQET limit of the correlator from the general formula as particular cases. We also give explicit expressions for the moments of the spectral density.
Baryons are an important source of information on QCD interactions. Massive baryons containing a heavy quark form a rich family of particles with many properties experimentally measured [1] . The prominent object of a QCD analysis of the properties of baryons is the correlator of two baryonic currents and the spectral density associated with it. Calculations beyond the leading order have not been done for many interesting cases. The massless case has been known since long ago [2] .
We report on the results of calculating the α s corrections to the correlator of two baryonic currents with one finite mass quark and two massless quarks. We give analytical results and discuss the order of magnitude of the α s corrections. The massless and HQET limits are obtained as special cases. We finally present explicit results on the moments of the spectral density associated with the correlator. The discussion of the impact of our new correlator result on baryon phenomenology will be left to future publications.
In the present paper we limit ourselves to the simplest case with a three-quark current of the form
where Ψ is a finite mass quark with mass parameter m, u and d are massless quarks and C is the charge conjugation matrix. ǫ abc is the totally antisymmetric tensor and a, b, c are color indices for the SU(3) color group. Other baryonic currents with any given specified quantum numbers are obtained from the current in Eq. (1) by inserting the appropriate Dirac matrices. Such additions introduce no principal complication into our method of calculation.
The correlator of two baryonic currents is expanded as
For reasons of brevity we shall present results only for the scalar function Π m (q 2 ).
The scalar function Π m (q 2 ) can be represented compactly via the dispersion relation
where ρ m (s) is the spectral density which is the real object of interest for phenomenological applications. To simplify formulas we remove a trivial but awkward factor containing powers of π and write
with a conveniently normalized ρ(s),
We now turn to the analysis of Eq. (7). Two limiting cases of interest are the near-threshold and high energy asymptotics. With our result given in Eq. (7) both limits can be taken explicitly. The asymptotic expressions can be also obtained in the framework of effective theories which can be viewed as special devices for such calculations.
In the high energy (small mass) limit z → 0 the correction reads
This will lead to the small mass expansion of the spectral density in the form
where ρ massless (s) is the result of calculating the correlator in the effective theory of massless quarks. The relation between the pole (or invariant) mass parameter m and the MS mass m MS (µ) reads
Note that the massless effective theory cannot reproduce the mass singularities (terms like z ln(z) in Eq. (8)). The presence of these singularities is an infrared phenomenon and can be parametrized with condensates of local operators. In our case the first m 2 correction in Eq. (8) (and, of course, Eq. (6)) can be found if the perturbative value of the heavy quark condensate Ψ Ψ taken from the full theory is added [5] . The composite operator Ψ Ψ should be understood within a mass independent renormalization scheme such as the MS-scheme. This value (perturbatively, Ψ Ψ ∼ m 3 ln(µ 2 /m 2 )) cannot be computed within the effective theory of massless quarks. It represents the proper matching between the perturbative expressions for the correlators of the full (massive) and effective (massless) theories. This matching procedure allows one to restore higher order terms of the mass expansion in the full theory from the effective massless theory with the mass term treated as a perturbation. This is justified at high energies. Note that the correction to the next order (i.e. of order m 2 /s) can actually be found in this manner because it depends only on one local operator and, therefore, the calculation is technically feasible.
In the near-threshold limit E → 0 with s = (m + E) 2 one explicitly obtains
. (11) In this region the appropriate device to compute the limit of the correlator is HQET (see e.g. [6, 7] ). Writing
we obtain the known result for ρ HQET (E, µ) [8] with matching coefficient C(m/µ, α s ) [9] . In this case the matching procedure allows one to restore the near-threshold limit of the full correlator starting from the simpler effective theory near threshold [10] .
Note that the higher order corrections in E/m to Eq. (11) can be easily obtained from the explicit result given in Eq. (7). Indeed, the next-to-leading order correction in low energy expansion reads ∆ρ th (m, E) = − 88E 
It is a much more difficult task to obtain this result starting from HQET.
We now discuss some quantitative features of the correction given in Eq. (7).
Of interest is whether the two limiting expressions (the massless limit expression as given in Eq. (9) and the HQET limit expression in Eqs. (11) and (12)) can be used to characterise the full function for all energies.
In Fig. 1 we compare components of the baryonic spectral function in leading and next-to-leading order. Shown is the ratio ρ 1 (s)/ρ 0 (s). In the following we shall always put µ = m if it is not explicitly written. One can see that a simple interpolation between the two limits can give a rather good approximation for the next-to-leading order correction in the complete region of s. Another informative set of observables are moments of the spectral density
with M n dimensionless. We find
where
and
The coefficients A n are rational numbers. The closed form expression for the correction δ n is long. Instead we present explicit expressions for the first several moments n A n δ n − δ n−1 n A n δ n − δ n−1 Table 1 : Values for the rational part A n of the first moments δ n and their relative difference δ n − δ n−1 and the differences between consecutive moments in Table 1 . We see that the difference between consecutive moments is reasonably small. The absolute value of the correction itself in the MS-scheme has no particular meaning and can be changed by modifying the subtraction scheme. In normalizing to a reference moment at n = N, the others can be expressed through
One now can find the actual magnitude of the correction from Table 1 . Indeed, for
any given precision and range of n the set of perturbatively commensurate moments can be found.
Note that moments represent massive vacuum bubbles, i.e. diagrams without external momenta with massive lines. These diagrams have been comprehensively analyzed in Refs. [11, 12] . The analytical results for the first few moments at three-loop level can be checked independently with existing computer programs (see e.g. [13] ).
Moments of the spectral density are convenient observables for phenomenological applications. Exact results for correlators with massive particles are not known in higher orders for many important physical channels. Therefore one generally uses approximate procedures. We consider the two formal limiting cases as a base for possible interpolation. Both are simpler than the full calculation.
For the first approximation, the high energy or massless approximation, we first check the numerical difference between the exact result and the massless approximation. The massless limit for the moments means that one formally integrates the expression ρ massless (s) in Eq. (9) over the range (m 2 , ∞) to obtain
The result is
moments is obtained by using the near-threshold spectral density for the integration along the whole s-axis. This approximation is an extrapolation from the threshold region which is clearly a poor approximation far from threshold. However, it formally exists for sufficiently large n and can be obtained with the simple HQET result shown in Eqs. (11) and (12) . The moments are given by
From Eq. (11) we have
where the large n result specifies the region of applicability of the near-threshold approximation for the moments of the spectral density. The correction is
where ψ(z) is Euler's ψ-function.
One can see that the corrections to the moments basically reflect the shape of the correction to the spectrum as given in Eq. (7) . The massless approximation is reasonably good for relative corrections for the first few moments despite the unfavorable shape of the weight function 1/s n . It can be improved by changing the subtraction point µ or by resumming the integrand [14] which lies beyond the scope of finite order perturbation theory though.
To conclude, we have computed the next-to-leading perturbative corrections to the heavy baryon correlator at three-loop order. Technically, the method allows one to obtain analytical results for two-point correlators of composite operators with one heavy particle of finite mass where HQET is basically used for near-threshold calculations. Corrections in E/m near threshold are easily available from our explicit results. In the massless limit one can calculate the correlator at four loops using existing computational algorithms [15] .
